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Abstract
Within effective heterotic superstring theory compactified on a six-torus we
derive minimum energy (supersymmetric), static, spherically symmetric solu-
tions, which are manifestly invariant under the target space O(6, 22) and the
strong-weak coupling SL(2) duality symmetries with 28 electric and 28 mag-
netic charges subject to one constraint. The class of solutions with a constant
axion corresponds to dyonic configurations subject to two charge constraints,
with purely electric [or purely magnetic] and dyonic configurations preserving
1
2 and
1
4 of N = 4 supersymmetry, respectively. General dyonic configura-
tions in this class have a space-time of extreme Reissner-Nordstro¨m black
holes while configurations with more constrained charges have a null or a
naked singularity.
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There has been an accumulating evidence for the strong-weak coupling duality (referred
to as the S duality) in string theory (See for example Refs. [1,2]), which relates supersym-
metric vacua of a strongly coupled theory to supersymmetric vacua of a dual − weakly
coupled − theory. Deeper understanding of these duality symmetries would provide us with
a handle on the non-perturbative nature of superstring theory.
In four-dimensions, string vacua with N = 4 low energy supersymmetry are conjectured
to be self-dual, i.e., the string vacua of the heterotic string compactified on a six-torus
transform into each other under the SL(2, Z) transformations 1. The SL(2, Z) symmetry
acts on charges, the axion and the four-dimensional dilaton field, whose value determines
the string loop expansion parameter and parameterizes the strength of the string coupling.
In addition, the string world-sheet action can be cast in a manifestly O(6, 22) symmetric
form [5,6], referred to as the target space T duality symmetry.
Evidence for the S duality conjecture of N = 4 supersymmetric string vacua has been
provided by demonstrating the S duality invariance of quantities which are believed not to
be modified by string quantum corrections, e.g., the low energy effective field theory [7,6],
allowed spectrum of electric and magnetic charges, Yukawa couplings between massless
scalars and massive charged states as well as the Bogomol’nyi-Prasad-Sommerfeld (BPS)
saturated mass spectrum of the corresponding non-trivial configurations in the effective
theory [8,9].
The BPS saturated states within the effective theory compactified on a six-torus have
been addressed for states with special charge configurations (See for example Refs. [8,10–13]),
which in turn prevented one from establishing the full symmetry structure of such configura-
tions as well as the full nature of their singularity structure. In this paper, we shall present
the explicit form of general BPS saturated (supersymmetric), spherically symmetric, static
configurations in the effective heterotic string theory compactified on a six-torus at generic
points of moduli space, which can be obtained from the generating solution with, among
scalar fields, only diagonal internal metric and the dilaton turned on. The BPS saturated
spectrum is both O(6, 22) and SL(2, IR) invariant 2. In addition, the explicit form of these
configurations allows for a synthetic analysis of their singularity structures and their thermal
properties within the class of solutions.
The effective field theory of massless bosonic fields for heterotic string on a Narain torus
[14] can be obtained by compactifying the ten-dimensional N = 1 supergravity theory cou-
pled to N = 1 super-Maxwell theory on a six-torus [6,15]. The ten-dimensional bosonic
fields are given by GˆMN , BˆMN , Aˆ
I
M and Φ (0 ≤ M,N ≤ 9, 1 ≤ I ≤ 16), which correspond
to ten-dimensional metric, two-form field, gauge fields of U(1)16, and the dilaton field, re-
spectively. The field strengths of AˆIM and BˆMN are defined as Fˆ
I
MN = ∂M Aˆ
I
N − ∂N AˆIM and
HˆMNP = ∂M BˆNP − 12AˆIM Fˆ INP + cyc. perms., respectively.
1The heterotic string compactified on a six-torus is conjectured to be dual to the Type IIA string
compactified on a T 2×K3 surface; this duality has its origin in the string-string duality conjecture
[1–4] of the heterotic and the Type IIA string theory in six-dimensions.
2At the quantum level, these symmetries are integer valued.
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The Kaluza-Klein compactification [16] of the original ten-dimensional action on a six-
torus is obtained with the following Ansatz for the Zehnbein: EˆAM =
(
e
φ
2 eαµ A
(1)m
µ e
a
m
0 eam
)
,
where A(1)mµ (m = 1, ..., 6) are Kaluza-Klein U(1) gauge fields and φ ≡ Φ− ln det eam is the
four-dimensional dilaton field.
The four-dimensional action [6,15] for massless bosonic fields contains the following fields:
the graviton gµν , the dilaton φ, 28 U(1) gauge fields Aiµ ≡ (A(1)mµ , A(2)µm, A(3) Iµ ) defined
as A(2)µm ≡ Bˆµm + BˆmnA(1)nµ + 12aImA(3) Iµ , A(3) Iµ ≡ AˆIµ − aImA(1)mµ with the field strengths
F iµν = ∂µAiν − ∂νAiµ, the two form field 3 Bµν with the field strength given by Hµνρ =
eαµe
β
νe
γ
ρEˆ
M
α Eˆ
N
β E
P
γ HˆMNP = ∂µBνρ− 12AiµLijF jνρ+cyc.perms., and a symmetric O(6, 22) matrix
M of scalar fields, which can be expressed in terms of the following O(6, 22) matrix
V =

 V
I
V II
V III

 =

E
−1 −E−1C −E−1aT
0 E 0
0 a I16

 (1)
as M = V TV , where E ≡ [eam], C ≡ [12AˆImAˆIn + Bˆmn] and a ≡ [AˆIm]. V plays a role of a
Vielbein in the O(6, 22) target space.
The 4-d effective action is invariant under the O(6, 22) transformations [6,15]:
M → ΩMΩT , Aiµ → ΩijAjµ, gµν → gµν , φ→ φ. (2)
Here, Ω ∈ O(6, 22), i.e., ΩTLΩ = L, where L is an O(6, 22) invariant matrix. In addition,
the corresponding equations of motion and Bianchi identities have the invariance under the
SL(2, IR) transformations [17,15]:
S → S ′ = aS + b
cS + d
, M →M, gµν → gµν , F iµν → F ′ iµν = (cΨ+ d)F iµν + ce−φ(ML)ijF˜ jµν , (3)
where S ≡ Ψ+ ie−φ, F˜ i µν = 1
2
(
√−g)−1εµνρσF iρσ and a, b, c, d ∈ IR satisfy ad− bc = 1.
The ten-dimensional supersymmetry transformations for gravitino ψM , dilatino λ and 16
gaugini χI are expressed in terms of the four-dimensional fields as:
δψˆµ = ∂µε+
1
4
ωµβγγ
βγε+
1
4
eαµηα[βe
ν
γ]∂νφγ
βγε− 1
8
e−φHµνργ
νρε
+
1
8
(enb ∂µenc − enc ∂µenb)I ⊗ Γbcε−
1
4
e−
φ
2 [(V L)Ic i + (V L)
II
c i ]F iµνγν5 ⊗ Γcε,
δψd = −1
4
e−
φ
2 [emd ∂µemb + e
m
b ∂µemd − emd enb (∂µBmn +
1
2
aIm∂µa
I
n −
1
2
aIn∂µa
I
m)]γ
µ5 ⊗ Γbε
− 1
8
e−φ[(V L)Id i − (V L)IId i]F iµνγµνε,
3The four-dimensional two-form field is equivalent to a pseudo-scalar (the axion) Ψ through the
duality transformation Hµνρ = − e2φ√−gεµνρσ∂σΨ.
3
δλ = e−
φ
2 ∂µΦγ
µε− 1
6
e−
3
2
φHµνργ
µνρε− 1
2
e−
φ
2 (∂µBmn +
1
2
aIm∂µa
I
n −
1
2
aIn∂µa
I
m)γ
µ ⊗ Γmnε
− 1
2
e−φ(V L)Id iF iµνγµν5 ⊗ Γdε,
δχI = 2e−
φ
2 ∂µa
I
mγ
µ5 ⊗ Γmε+ e−φ(V L)IIII i F iµνγµνε, (4)
where δψˆµ ≡ δψµ − A(1)mµ δψm and δψd ≡ emd δψm. Here, γα and Γa satisfy the O(1, 3) and
O(6) Clifford algebras, respectively. The gamma matrices with curved indices are defined
as γµ ≡ eµαγα and Γm ≡ ema Γa.
Static configurations, which saturate the Bogomol’nyi bound for their masses, i.e., the
minimum energy configurations in their class, correspond to bosonic backgrounds which
preserve the supersymmetry transformations (4) [8], thus also referred to as supersymmetric
configurations. The Killing spinor equations, which are obtained by setting the supersym-
metry transformations (4) to zero, provide constraints on the Killing spinors ε and a set of
coupled first order differential equations for the supersymmetric bosonic backgrounds.
Our aim is to obtain general supersymmetric, spherically symmetric, static configurations
with a general allowed charge content associated with the 28 U(1) gauge fields. The four-
dimensional space-time metric is chosen to be of the form:
gµνdx
µdxν = λdt2 − λ−1dr2 − R(dθ2 + sin2θdφ2), (5)
and the scalar fields M , φ and Ψ depend on the radial coordinate r, only. The Maxwell’s
equations and Bianchi identities determine the U(1) field strengths to be
F itr =
eφ
R
[MijQ˜j +Ψ(ML)ijPj ], F iθφ = Pi sin θ, (6)
where Pi’s correspond to the physical magnetic charges and the physical electric charges [18]
are given by Qi = e
φ∞ [Mij∞Q˜j +Ψ∞(ML)ij∞Pj].
One can show that with the above static, spherically symmetric Ansatz the Killing
spinors are invariant under the O(6, 22) transformations and transform as ε→ [cos(∆/2) +
iγ5sin(∆/2)]ε under the SL(2, IR). Here, tan∆ = −ce−φ/(cΨ+d). The first order differential
equations are thus invariant under both transformations and therefore one can generate new
class of supersymmetric solutions by imposing O(6, 22) and SL(2, IR) transformations on
the known supersymmetric solution. One can bring the arbitrary asymptotic values of the
scalar fields to the forms M∞ = I and S∞ = i by imposing the following O(6, 22) and
SL(2, IR) transformations:
M∞ → Mˆ∞ = ΩˆM∞ΩˆT = I, S∞ → S˘∞ = (aS∞ + b)/d = i, (7)
where Ωˆ ∈ O(6, 22), ad = 1, and in the quantized theory the charge lattice vectors live in
the new transformed lattice. Then, the subsets of O(6, 22) and SL(2, IR) transformations
that preserve the above new asymptotic values of M and S are O(6)× O(22) and SO(2),
respectively. To obtain solutions with arbitrary asymptotic values of M and S, one has to
undo the above transformations.
We are going to find the general solution for configurations where, from the scalar fields,
only the diagonal internal metric and the dilaton field are non-zero. We shall refer to
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such configurations as generating ones, since all the other configurations in this class can
be obtained by performing a subset of O(6) × O(22) ⊂ O(6, 22) and SO(2) ⊂ SL(2, IR)
transformations on the generating ones. Note, that configurations obtained in that manner
have the same four-dimensional space-time structure and thus the same singularity and
thermal properties as the generating solution.
The Killing spinor equations for the configuration with only non-zero scalar fields given
by the diagonal internal metric (ema = δ
m
a ea) and the dilaton take the form:
√
λR[∂rlnλ+ ∂rφ]εu,ℓ = ±Σ6a=1(Q(1)a +Q(2)a )Γaεℓ,u,√
λR[∂rlnλ− ∂rφ]εu,ℓ = iΣ6a=1(P(1)a +P(2)a )Γaεℓ,u,
2
√
λR∂rln eaΓ
aεu,ℓ = [∓(Q(1)a −Q(2)a ) + i(P(1)a −P(2)a )]εℓ,u, a = 1, · · · , 6,
∂r
√
λR = 0, (8)
where Q(1)a ≡ e
φ
2 ema Q˜m, Q
(2)
a ≡ e
φ
2 eamQ˜6+m, P
(1)
a ≡ e−
φ
2 eamPm, and P
(2)
a ≡ e−
φ
2 ema P6+m.
And from δχI = 0, one has P
(3)
I = 0 = Q
(3)
I . It can be shown [19] that out of 2 · 28
dyonic charges, only two magnetic and two electric charges can be non-zero with electric and
magnetic charges arising from different U(1) factors, with one set of electric and magnetic
charges arising from the Kaluza-Klein sector and the other set arising from the two-form
gauge fields with the same corresponding indices. Without loss of generality, we choose the
non-zero charges to be P
(1)
1 , P
(2)
1 , Q
(1)
2 , Q
(2)
2 .
The upper εu and lower εℓ two-component spinors are subject to the constraints: Γ
1εu,ℓ =
iηP εℓ,u if P
(1)
1 6= 0 and/or P(2)1 6= 0, and Γ2εu,ℓ = ∓ηQεℓ,u if Q(1)2 6= 0 and/or Q(2)2 6= 0. Here,
ηP and ηQ are ±1. Note, that non-zero magnetic and electric charges each break 12 of the
remaining supersymmetries. Thus, purely electric [or magnetic] configurations preserve 1
2
,
while dyonic solutions preserve 1
4
of N = 4 supersymmetry in 4 dimensions. The first and
the second sets of configurations fall into vector- and hyper-supermultiplets, respectively.
The explicit form for the static, spherically symmetric generating solution is given by 4:
λ = r2/[(r − ηPP (1)1 )(r − ηPP (2)1 )(r − ηQQ(1)2 )(r − ηQQ(2)2 )]
1
2 ,
R = [(r − ηPP (1)1 )(r − ηPP (2)1 )(r − ηQQ(1)2 )(r − ηQQ(2)2 )]
1
2 ,
eφ =

 (r − ηPP (1)1 )(r − ηPP (2)1 )
(r − ηQQ(1)2 )(r − ηQQ(2)2 )


1
2
,
g11 =

r − ηPP (2)1
r − ηPP (1)1

 , g22 =

r − ηQQ(1)2
r − ηQQ(2)2

 , gmm = 1 (m 6= 1, 2). (9)
Here, the radial coordinate is chosen so that the horizon is at r = 0. The requirement that
the ADM mass of the above configuration saturates the Bogomol’nyi bound restricts the
choice of parameters ηP,Q such that ηP sign(P
(1)
1 +P
(2)
1 ) = −1 and ηQsign(Q(1)2 +Q(2)2 ) = −1,
4Such a solution is obtained along the similar lines as the generating solution for the supersym-
metric, spherically symmetric solutions in Abelian Kaluza-Klein theory [19].
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thus yielding non-negative BPS saturated ADM mass of the form MBPS = |P (1)1 + P (2)1 | +
|Q(1)2 +Q(2)2 |. In order to have regular BH solution with singularity behind or on the horizon,
one has to choose the relative signs of two magnetic and two electric charges to be the same
5. Thus, the solution has always nonzero BPS saturated ADM mass.
A general class of solutions with zero axion can be obtained from the generating ones by
performing a subset of O(6)× O(22) ⊂ O(6, 22) transformations which generate new types
of solutions from the generating one. These transformations correspond to SO(6)/SO(4)
transformations with 6·5−4·3
2
= 9 parameters and SO(22)/SO(20) transformations with
22·21−20·19
2
= 41 parameters, which along with the original 4 charges provide a configura-
tion with 56 − 2 = 54 charges; namely, those are configurations with 28 electric ~Q and
28 magnetic ~P charges subject to the following two constraints (in the basis where the
asymptotic value of M takes an arbitrary value):
~P TM± ~Q = 0 (M± ≡ (LML)∞ ± L). (10)
The SO(2) ⊂ SL(2, IR) transformation provides one with one more parameter tan∆ =
−ce−φ/(cΨ + d), which replaces the two constraints (10) with one SL(2, IR) and O(6, 22)
invariant constraint on charges :
~P TM− ~Q [ ~QTM+ ~Q− ~P TM+ ~P ]− (+↔ −) = 0. (11)
Therefore, the general configurations in this class have 2 · 28 − 1 = 55 charge degrees of
freedom 6.
The ADM mass for a general configuration in this class can be obtained from the one for
the generating solutions and can be cast in the following O(6, 22) and SL(2, IR) invariant
form 7:
M2BPS = e
−φ∞
{
~P TM+ ~P + ~QTM+ ~Q + 2
[
(~P TM+ ~P )( ~QTM+ ~Q)− (~P TM+ ~Q)2
] 1
2
}
. (12)
5Note, that the case of opposite relative signs for the two electric charges [and two magnetic
charges] and the equal magnitude of the two electric [and two magnetic charges] would yield zero
ADM mass as pointed out in a related context by Hull and Townsend [20]. Such purely electrically
(or purely magnetically) charged configurations were found and studied in Refs. [21], while dyonic
ones and their implications for enhanced symmetries [20] at special points of moduli space were
addressed in Ref. [22]. Such configurations are not regular; they have a naked singularity.
6The constraint (11) on charges signals that the obtained class of configurations may not be the
most general supersymmetric one. This constraint is removed for the supersymmetric [non-extreme]
states by applying an additional subset of SO(8, 24) transformations [13,23] on the corresponding
supersymmetric [non-extreme] generating solutions. O(8, 24) is the symmetry of the effective three-
dimensional action for the corresponding stationary solutions. Analogous procedure was used [24]
to generate all the black holes in Abelian Kaluza-Klein theory.
7We thank A. Sen for pointing out to us the procedure to derive such a mass.
6
Note, that when the magnetic ~P and electric ~Q charges are parallel in the SO(6, 22) sense,
this ADM mass is the bound for configurations that preserve 1
2
of N = 4 supersymmetry
[8,11–13,25,26], i.e., the corresponding generating solution is either purely electric or purely
magnetic. In the case when the magnetic and electric charges are not parallel, the mass is
larger and the configurations preserve 1
4
of N = 4 supersymmetry.
We now turn to the discussion of the thermal and global space-time properties of such
configurations, which can be classified according to the number of non-zero charges of the
generating solutions:
• The case with all the four charges non-zero 8 corresponds to BH’s with a horizon at
r = 0 and a time-like singularity hidden behind the horizon, i.e., the global space-
time structure is that of the extreme Reissner-Nordstro¨m BH’s. The corresponding
Hawking temperature TH = ∂rλ|r=0/(2π) is zero and the entropy ( ≡ 14 of the area of
the event horizon) is finite S = π
√
|P (1)1 P (2)1 Q(1)2 Q(2)2 |.
• The case with three nonzero charges corresponds to solutions with a singularity located
at the horizon (r = 0), TH = 0 and S = 0.
• The case with two nonzero charges 9, say, P (1)1 6= 0 6= P (2)1 , corresponds to singular solu-
tions with the horizon and the singularity coinciding at r = 0, TH = 1/(4π
√
|P (1)1 P (2)1 |)
and S = 0.
• The case with one nonzero charge 10 corresponds to BH’s with a naked singularity,
TH =∞ and S = 0.
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